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Abstract

We will be dealing with rectangular input and output digital images consisting of pixels on a common square grid.
Other cases are considered elsewhere [30, 31, 34]. Let the
input of a digital halftoning algorithm be a two-dimensional digital grayscale image G represented by an N1  N2
matrix of real values gi;j 2 ; . In bilevel quantization,
a binary image B represented by an N1  N2 matrix of
bi;j 2 f ; g serves as output of the algorithm. The symbols gi;j and bi;j stand for intensities of pixels on the grid,
where i
; ; : : :; N1 , and j
; ; : : : ; N2 ,
respectively indicate line and column of a pixel. An intensity value means “black”, means “white”. To determine how G should be reproduced, proper meanings must
be assigned to the intensity values in ; . This task can
be accomplished as described in [15]. Bayer [4] popularized a class of digital halftoning algorithms called ordered
dither. Figures 1 (a) and 2 (a) feature two test image representations obtained by ordered dither with an  dither
matrix from [19]. Such dither matrices can be produced
by the method of recursive tesselation [32]. The images
are printed at the resolution of
dots per inch (dpi).
Among the modifications of ordered dither, a prominent
place belongs to Ulichney’s void-and-cluster method [33]
involving special dither matrices called blue noise masks
[22]. The method is based on the concept of blue noise
[31]. Images in Figures 1 (b) and 2 (b) were obtained
by ordered dither with a
 blue noise mask generated using the void-and-cluster method. The method’s
internal parameter 
: . Error diffusion (ED) [12]
is another important class of digital halftoning algorithms.
The error diffusion algorithms employ matrices of weights,
or error diffusion coefficients, and are sometimes classified by the number of non-zero weights. Ulichney [31]
studied error diffusion on a serpentine raster, aka serpentine error diffusion (SED). Sandler et al. [25] explained
the advantage of SED and decribed a relatively fast threeweight version of SED. This version was used to produce
the images shown in Figures 1 (c) and 2 (c). A number
of slower algorithms based on ED achieve comparable or
lower image quality, see [15]. Hybrid algorithms for dig-

A new class of digital halftoning algorithms is introduced.
Anti-correlation digital halftoning (ACDH) combines the
idea of a well-known game, Russian roulette, with the statistical approach to bilevel quantization of images. A representative of the class, serpentine anti-correlation digital halftoning, is described and compared to error diffusion, ordered dither, and other important digital halftoning
algorithms. Digital halftoning means image quantization
by algorithms that exploit properties of the vision system
to create the illusion of continuous tone. Common problems often accompanying digital halftoning include contouring, correlated artifacts, edge enhancement, and unpleasant boundary effects. Serpentine ACDH causes fewer
unwanted correlated artifacts and less contouring than the
benchmark algorithms. Two intensity distortion criteria
similar to those applied earlier to evaluate quality of nonuniform sampling are used to demonstrate that serpentine
ACDH represents the average intensity remarkably well.
Unlike popular algorithms based on error diffusion, serpentine ACDH does not enhance edges. A simple preprocessing technique allows one to introduce edge enhancement if desired, while keeping it more isotropic than that
of error diffusion. Serpentine ACDH does not cause significant boundary effects.
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1. Introduction
Inherent limitations of devices for image visualization and
printing often require quantization of two-dimensional digital images to a limited number of grayscale levels. The
case of bilevel quantization is of particular interest when
an image is to be printed on a printer that can only produce
black-and-white pictures. Digital halftoning [31] means
image quantization by algorithms that exploit properties of
the vision system to create the illusion of continuous tone.
Digital halftoning algorithms have been applied in digital
holography [28], medical imaging [25], pattern recognition [16], and many other areas (see references in [15]).
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quasi-optimality criterion. Let S be an area of the image, consisting of pixels that are close together (no exact
measure of “closeness” specified), and let T S be the set
of all possible two-element subsets f i1 ; j1 ; i2 ; j2 g of
S . Let the covariance of i1 ;j1 and i2 ;j2 be denoted by
i1 ;j1 ; i2 ;j2 . Sandler et al. postulated that it is desirable to construct i;j so that the variance

ital halftoning have been studied by many researchers, including Knuth [19], Eschbach [9], and Sandler et al. [25].
Eschbach [9] combined error diffusion with another digital halftoning technique, pulse-density modulation (PDM),
first proposed in [10]. Halftone images produced by the
resulting hybrid algorithm can be seen in Figures 1 (d) and
2 (d). The areas where = < gi;j < = were treated by
the classical Floyd–Steinberg ED algorithm [13], and the
rest of the image was subjected to PDM. Eschbach recommended use of ED to process regions touching the areas
with = < gi;j < = as well, in order to break up the
seams seen at the switching points. However, this causes
highly visible patches to emerge in very light and very
dark areas adjoining such points. Several so-called iterative algorithms for digital halftoning were studied, including those based on iterative convolution [35, 36]. Figures 1
(e) and 2 (e) represent test images halftoned by the iterative
convolution algorithm from [35] ( iterations; internal pa: ,  : , and a : ). Other digital
rameters
halftoning algorithms employ such techniques as patterning [24] (it is also known as pulse-surface-area modulation, or PSAM [31]), hill climbing and simulated annealing [2, 7], look-up-table based halftoning [21], etc. (See
[15] for a more comprehensive review.)
Following a brief discussion of the halftone image quality issues, I will introduce a new class of digital halftoning
algorithms in Section 2.
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is minimum on the condition that the expected values
E i;j gi;j for all i; j in S . The authors of the criterion pointed out that the underlying assumption that the
vision system averages intensity levels of pixels in S with
equal weights is just an approximation. They suggested
that, “the closer together any two pixels are, the less correlated the corresponding random variables should be (on
the condition that their expected values coincide with the
inputs).” Radial anisotropy of the vision system measured
by Campbell et al. [6] can be accounted for by picking
a measure of closeness based on non-Euclidean distance.
For any given pair of pixels, significance of correlation between the random variables depends on the viewing conditions. The approach of Sandler et al. fits the results of
psychovisual experiments conducted by Burgess et al. [5]
and Myers et al. [23]. According to these results, the human observer is strongly influenced by correlated noise,
and the detection performance for even a simple task is
degraded substantially in its presence.
Russian roulette is a well-known game consisting of
spinning the cylinder of a revolver loaded with one cartridge, pointing the muzzle at one’s own head, and pulling
the trigger. An early version of Russian roulette was described by Lermontov [20] in 1839. Due to unavailability of actual revolvers, the number of cylinder chambers n
was , but the probability } that a shot is fired successfully
if a cartridge is aligned with the barrel when the trigger
is pulled was below . In our model, } is taken to be ,
and the number of loaded cartridges g is allowed to range
between and n. The case of multiple players is considered. We assign numbers ; ; : : :; n , to the chambers
of each revolver cylinder counterclockwise (looking at the
muzzle). Consider white-blooded players on an N1  N2
square grid superimposed over a rectangular part of a geometric plane covered with black snow. Whenever a shot
is fired, the corresponding player’s blood produces a white
pixel. Let Ci;j indicate the revolver cylinder of a player at
the position i; j , and let

( )=

=04

2. Anti-Correlation Digital Halftoning
In halftone images, artificial contours may sometimes appear in the areas with slowly varying [31] or constant [27]
input intensity. This effect is called contouring [31]. Correlated artifacts [31] present another problem, common for
the algorithms that do not generate regular periodic patterns. On the other hand, presence of highly visible regular periodic patterns usually means poor rendition of small
details of the image. By average intensity of an area of a
digital image we mean the ratio of the sum of pixel intensities for this area and the overall number of pixels in it. In
digital halftoning, edge enhancement (EE) is characterized
by the average intensity being below the input intensity on
the dark side of the edge and above it on the light side of
the edge. We will discuss EE in more detail in Section 3.
Error diffusion is often accompanied by unpleasant transient boundary effects.
No single technique of image quality evaluation has
gained universal acceptance [8]. A review of the techniques can be found in [15]. Sandler et al. [25] proposed
to interpret outputs bi;j of a digital halftoning algorithm
as values of random variables i;j . (Ulichney [31] did it
earlier for the case of constant level input.) Using this interpretation, Sandler et al. developed the following local
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< 1 if the kth chamber of Ci;j contains
Ci;j [k] = : a cartridge,
0 otherwise,
for k = 0; 1; : : :; n , 1.
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int( )

where n1  n2 , and let
x be a function that takes a
real number x, and returns an integer obtained by some
rounding operation. Sequential iterative anti-correlation
digital halftoning (SIACDH) is a subclass of ACDH defined algorithmically as follows.

Anti-correlation digital halftoning (ACDH) is a new
class of digital halftoning algorithms. It is based on generalized Russian roulette, and multiple “gaps” consisting
of empty chambers are allowed in the revolver cylinders.
(Error diffusion can be simulated by a version of generalized Russian roulette such that at most one gap is allowed
to remain in each loaded revolver cylinder, see my technical report [15] for the details.) The control over correlation
between the random variables forming the unordered pairs
fi;j ; i,(`,1)+1 ;j,(`,1)+2 g is achieved by using inputdependent anti-correlation filters K
k1 ;2 . Other
techniques incorporated in ACDH are boundary randomization (BR) and the average intensity control (AIC). The
AIC mechanism helps to keep the average intensity of the
part of the halftone image already computed closer to the
average intensity of the corresponding part of the input image. This is achieved by using the global histogram of the
cartridge distribution H, an array of

=(

Hk =
k = 0; 1; : : : ; n , 1.

X
i;j

rand(0::n , 1); m 1; set C (0); initialize H;

r

while the last iteration is not over
f = Process all pixels! =
for i0 from to N1 N2 , do

f
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where `K > is a constant integer associated with the
local anti-correlation filter K . Let S H i; j be a permutation of f ; ; : : :; n , g such that
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whenever x < y and HSx (H (i;j ))
HSy (H (i;j)) . If more
than one permutation satifies these conditions, S H i; j
is selected among the eligible permutations at random. The
second of the conditions above is responsible for the AIC.
Let S H i; j ; gi;j , an equivalent of S H i; j with respect to gi;j ; be defined as a permutation of S H i; j
such that the elements of fS0 H i; j ; S1 H i; j ; : : : ;
Sg~i;j ,1 H i; j g and fSg~i;j H i; j ; Sg~i;j +1 H i; j ;
: : : ; Sn,1 H i; j g are permuted independently.
S H i; j ; gi;j can often be computed faster than
S H i; j . Let C (m) be the configuration (state of the
revolver cylinders) after the mth iteration, and let C (0) be
some starting configuration. Each iteration involves processing all pixels in some order, which may depend on m
and G.
Let
n1 ::n2 denote a function returning a random integer uniformly distributed on fn1 ; n1 ; : : : ; n2 g,
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= Pull the triggers: =
for i from 0 to N1 , 1 do
for j from 0 to N2 , 1 do
bi;j Ci;j [r];
The outputs bi;j can be interpreted as values of the corresponding random variables i;j with the expected values
E (i;j ) = g~n  gi;j :

HS0 (H (i;j)) (i; j )  HS1 (H (i;j)) (i; j )    
 HS ,1 (H (i;j)) (i; j );
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1;
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0;
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Ci;j [k];
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select K (it may depend on i; j; m; and G);
compute H i; j ;
= BR: All Ci;j k outside
the image are random =
compute S H i; j ; gi;j
= change the state of Ci;j : =
for k from to n , do

Local weighted histograms of the
cartridge distribution H i; j are arrays of

X

1

i;j

( ( ))

Serpentine anti-correlation digital halftoning (SACDH)
processes pixels on a serpentine raster, using wedge-shaped
input-dependent anti-correlation filters. The starting configuration C (0) corresponds to all revolver cylinders being empty. SACDH is a representative of SIACDH, but
only one iteration is performed. In my versions of SACDH
(n
and n
were tried), BR is performed by
taking the values Ci;j k for i; j outside the image to be
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rBR < n,
Ci;j [k] = 01 ifotherwise,
where  = jg~i;j , n=2j=n; and rBR is a value of a random variable uniformly distributed on f0; 1; : : :; dn=2eg
and computed independently whenever an attempt is made
to look up the value of Ci;j [k ] for (i; j ) outside the image.
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Filter selection for my versions of SACDH is described in
Appendix A of [15]. The asymmetry of the filters compensates for the asymmetry of sequential processing. (Parallel iterative ACDH is also described in [15].) Figures 1
(f) and 2 (f) show halftone images produced by SACDH
n
. When examined visually, the gray scale ramps
for n
did not differ significantly from those for
n
. When the pixel at the position i; j is being processed by SACDH, the values of the coefficients k1 ;2 of
the local anti-correlation filter K signify how strongly we
want i;j and i,(`K ,1)+1 ;j ,(1,2(i mod 2))((`K ,1),2 ) to
be anti-correlated. While strict conditions have to be imposed on error diffusion coefficients to ensure numerical
stability [3], making sure that the computation of the histogram entries never causes an overflow is enough to achieve stability when designing anti-correlation filters. As
a result, it is relatively simple to break up any unwanted
regular binary pattern or correlated artifact by adjusting
K . Alas, other unwanted textures often emerge instead,
so I had to perform multiple “trial-and-error” cycles similar to those described in [1]. I tried to eliminate all periodic patterns that either seemed obnoxious by themselves,
or caused contouring at 72 dpi, 100 dpi, or 300 dpi. In
particular, my versions of SACDH suppress contouring,
“worms” and fishbone-like artifacts near gi;j
= at the
cost of increased granularity in that area, which is located
away from the middle of the gray scale ramps due to the
tone scale adjustment [31]. The less visible diagonal correlated artifacts are favored over those oriented vertically
or horizontally. Very light and very dark areas look nice.

( = 255)
= 192
= 255

and-cluster and an SED algorithm with a special kind of
BR designed to remove a distortion component linear in N
and jg , = j, which was approximately 3 times stronger
yet. The intensity distortion caused by rounding is spread
over the whole image, hence no extra boundary effects.
Presence of quantization noise decreases contrast sensitivity, and edge enhancement is widely believed to be
needed to compensate for that. However, EE is unwanted
when a digital halftoning algorithm is applied in digital
holography [11]. EE may also cause some of the optical
illusions discussed in [14]. Knox [17] showed by measurement that an inherent mechanism for asymmetric EE
was built into the classical Floyd–Steinberg ED. In a later
paper [18], he provided a partial explanation of the phenomenon and demonstrated that the inherent EE was even
stronger in another ED algorithm, yet could not be detected
in the halftone images produced using line-by-line deltasigma modulation (DSM). Sandler et al. [26] provide a few
references on DSM. From their results, it follows that, in
line-by-line (column-by-column) DSM, the expected values E i;j remain close to gi;j for all i; j for a wide variety of inputs, which explains the latter finding by Knox.
Alas, DSM is not a good halftoning algorithm. Extending
the approach of Knox [17], I measured EE in halftoned
N  N vertical and horizontal grayscale steps for different halftoning algorithms. Intensity distortion per pixel
was computed for the columns of the halftone vertical step
images and the lines of the halftone horizontal step images. (Only the steps with the intensity values symmetric with respect to = were studied.) The measurement
showed that SACDH does not enhance the edges of symmetric grayscale steps. It is straightforward to add relatively isotropic EE to any digital halftoning algorithm. The
details can be found in my technical report [15].
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3. Average Intensity Representation,
Boundary Effects, and Edge Enhancement
To study how well average intensities are preserved by
different digital halftoning P
algorithms,
I computed global
N ,1 PN ,1 e for N  N
intensity distortion M
i=0 j =0 i;j
halftone images representing the input images such that
gi;j g for all i ; ; : : : ; N , , j ; ; : : : ; N , .
Computations were performed for N
; ; ; : : :;
,g
= ; = ; : : :; = . (Zeremba [37] and Shirley [29] developed similar criteria to evaluate quality of
non-uniform sampling.) Intensity distortion for an area of
a halftone image is the difference between the actual number of white pixels in the area and the number of white
pixels needed to preserve the average intensity. The latter may be non-integer. In my study, I chose the sets of
possible values g and N so that this was never the case
for the whole image. For SACDH, n was set to
to
avoid rounding. Intensity distortion per pixel d M=N 2
was also computed and studied for some of the algorithms.
The intensity distortion figures for SACDH turned out to
be approximately 6 times lower than those for both void-

4. Conclusions

=

A new class of digital halftoning algorithms, anti-correlation digital halftoning (ACDH), was introduced. Its representative, serpentine ACDH, causes fewer correlated artifacts and less contouring than the benchmark algorithms.
Unlike some of those algorithms, SACDH does not enhance edges or cause significant transient boundary effects.
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Figure 1: Portrait of Anya Pogosyants, 300 dpi.
a) Ordered dither with a recursive tesselation matrix.
b) Ordered dither with a blue noise mask (void-and-cluster).
c) Three-weight serpentine error diffusion.
d) Error diffusion combined with pulse-density modulation.
e) The iterative convolution algorithm.
f) Serpentine anti-correlation digital halftoning.

a)

b)

c)

d)

e)

f)

Figure 2: Gray scale ramp, 300 dpi.
a) Ordered dither with a recursive tesselation matrix.
b) Ordered dither with a blue noise mask (void-and-cluster).
c) Three-weight serpentine error diffusion.
d) Error diffusion combined with pulse-density modulation.
e) The iterative convolution algorithm.
f) Serpentine anti-correlation digital halftoning.
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