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Introduction
As recently demonstrated1, electrohydrodynamic (EHD)
excitation of liquid jets leads to a variety of break-up
modes which are inaccessible with piezoelectric stimulation. Moreover Crowley2,3 suggested that the efficiency
of EHD excitation can be increased with the help of
multiple electrodes. However, little is known on the influence of the spatial distribution of the electrostatic field
and the synchronization constraints imposed by the jet
dynamics on such a multiple electrode exciter.
In this paper we first present a new theoretical
spatio-temporal model of the behaviour of a capillary
jet subjected to multielectrode stimulation. Experimental results obtained on a scaled-up prototype of an
ink jet printer are found to be in good agreement with
the model. In particular we examine the influence of
the synchronization between the electrode spacing and
the excitation wave-length. Finally the usefulness of
our approach in the design of EHD drop generators is
discussed.

Theoretical Model
The geometry of the axisymmetric EHD stimulation
set-up is shown in Figure 1. The liquid jet of radius a
leaves the nozzle with the uniform velocity Uo and passes
through the four coaxial ring electrodes (ring diameter
φ = 2b) separated from each other by the distance ∆.
Each electrode is connected with a sinusoidal high voltage
power supply. Between two successive electrodes the
amplitude of the voltage is inverted (phase shift of 180°).
The resulting spatial and time dependent distribution of
the electrostatic field imposes periodical pressure disturbances on the jet that are amplified downstream of
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the electrodes by the capillary instability mechanism4.
The excitation should be optimum when there is synchronization, i.e. when the jet advances the distance ∆
during the half period of the applied voltage. In this way
the actions of the various electrodes add up each other
and induce the highest possible jet modulation.
Since the electrostatic field has only limited axial
extension the whole break-up process can be divided into
two zones: A first zone where the jet is subjected to the
electrostatic field and a second zone without field. Both
zones can be described theoretically with the help of the
long wave cylindrical jet model proposed by Lee5 and
more recently by Crowley3. Crowley modelled the electric field in the exciter region by a uniform spatial distribution on a given interval which does not account for
its progressive evolution at the border of the electrodes.
In the following, we take into account a more realistic
axial distribution of the field. Indeed, to a very good
approximation the field varies as cos(πx/∆) inside the
electrode zone (i.e. on the interval [0,(m-1)∆] for m electrodes). At the entrance and exit of this electrode zone
the variation is different but we simplify the problem by
assuming the same sinusoidal variation on an interval of
length ∆/2 upstream and downstream of the electrode
zone.
Jet Dynamics with Electrostatic Field
Under the assumption of negligible viscous forces
and in the absence of body forces the surface displacement δ, supposed to be very small, is given by the following linearized equation3:
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where T is the surface tension, ρ the mass density and pe
the electrostatic pressure. In order to evaluate the importance of the different terms in (1) we introduce the
following scales:
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x ∝ λ , t ∝ 1 / f , pe ∝ peo , δ ∝ δ o ,

(2)

pe = −(1 / 8) ε o Eo2 (1 + cos 2 π t) [1 + cos(2 π ( λ / ∆) x)].

(7)

where λ = Uo/f is the wave length of the jet deformation,
f the perturbation frequency and peo the amplitude of the
electrostatic pressure. If the non dimensional quantities
are designed by the same symbols as in (1) we obtain:

It should be noted that the frequency of the pressure
variation, i.e. the frequency of the droplet generation, is
2f. Introducing (7) into (5) and defining R = ∆/λ gives
the following linear second order equation for δ:
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(8)

where the Weber number We = ρaUo2 / T compares the dynamic pressure with the pressure caused by surface tension and the electrical Euler number Eue = peo / ρU o2
compares the electrostatic pressure with the dynamic
pressure. In the usual ink jet conditions:

The first term in the bracket on the right hand side
represents a steady deformation of the jet radius in the
stimulation zone. Since this term does not contribute to
the time dependent radial deformation at the exit of the
excitation zone, it has no effect on the perturbations that
stimulate the formation of droplets and we disregard it.
Setting δ = Re[δ1], the equation governing the stimulation becomes:

We ≈ O(102), Eue ≈ O(10-3).

(4)

At the beginning of the jet evolution (inside the excitation zone), δo/a << 1 remains small and the term with
the electrostatic pressure becomes of O(l) as long as δo
≈ O(10-3a). In contrast, the influence of the surface tension can be neglected, since the Weber number is O(102),
leading to the simplified expression for (3) valid inside
the stimulation zone:
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(9)
Introducing the following wave Ansatz
δ1 = A(x)exp[2πi(t - x)],

(5)

(10)

in (9) and integrating the obtained equation for A(x) finally gives:
A( x1 ) =


aEue  exp(−iπ R)   R 2 + 1
[exp(2 π imR) − 1] − 2 π im 
 2
2


8δ 0  R − 1   R − 1


(11)
where x1 = [m - (1/2)]R. The convective radial velocity
Dδ1/Dt = ∂δ1/∂t + ∂δ1/∂x = [dA/dx] exp [2πi(t - x)] (12)
takes at x1 a value proportional to:
a
 exp(−iπ R) 
 dA 
 dx  (x1 ) = iπ 4 δ Eue  (R 2 − 1)  [exp (2 π imR) − 1] (13)


o

Figure 1. Schematic view of the stimulation ring electrodes
around the liquid jet (note the 180º phase shift of their electrical potential).

The electrostatic pressure in (5) results from the
action of the electrostatic field E on the jet surface which
can be modelled by the sinusoidal distribution (non dimensional variables x and t)
E(x,t) = Eo cosπt cosπ(λ/∆)x,

(6)

in the stimulation zone -∆/2 ≤ x ≤ (m -1/2)∆ and pe is
given by:
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Jet Dynamics without Electrical Field and Break-Up
Length
Outside the stimulation zone the equation governing the surface displacement is:
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Following Crowley3 and taking into account the continuity conditions for δ and Dδ/Dt at the exit of the stimulation zone, the solution δ2 of (14) can finally be written:

δ 2 (x, t) = [ A(x1 ) cosh µ(x − x1 )
+

1 dA
(x1 ) sinh µ(x − x1 )] exp [2 π i(t − x + x1 )] (15)
µ dx

where the spatial growth rate µ is defined by:
µ = (2 π / We )

[1 − (2 πa / λ ) ] / 2
2

(16)

As already shown by Crowley3, the oscillations of
the radius consist of two components with amplitudes
proportional to δ1 and (1/µ)Dδ1/Dt respectively. The second component is generally dominating since their ratio
is proportional to:

(

µδ 1 / (Dδ 1 / Dt) − µ / 2 π ~ 1 / 2 We

)

(17)

which is of O(10-2). The solution can then be approximated by neglecting the first component in (15). For large
x values, the perturbation amplitude becomes, in dimensional variables:
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The break-up length Lb can be estimated by prescribing, as usual, that the perturbation amplitude is equal to
the cylindrical jet radius a. This gives:
 4µ
Lb
λ
R2 − 1 
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(19)

We recover the logarithmic dependence of the breakup length on the amplitude of the stimulating electric
field (Eue ∝ Eo2 ) observed with a single working electrode3.
When R → 1, the argument in the logarithm tends to a
finite value and (19) becomes:
L b/(2a) = (λ/(2aµ)) ln [8µ/(mπ2 Eue)]

(20)

Relation (20) shows that Lb decreases as ln(m) when
there is synchronization. This indicates that the higher
the number of electrodes, the smaller will be the gain
obtained by adding one more electrode.
From (l9) we can see what happens when the frequency is varied. Let fs be the frequency of synchronization. By changing f, the ratio R = ∆/λ = f/f s changes and
the stimulation becomes less efficient. The worst efficiency corresponds to zero values of sin(πmR) and, therefore, to R values equal to:
1/m, 2/m, . . . , 1 - 1/m, 1 + 1/m, 1+2/m, . . .

(21)

the set being truncated at a value such that the non dimensional wave number becomes greater than 1. From
(21) we expect the working frequency interval around fs
(defined by the requirement that Lb keeps constant within
a few percent) to vary as 1/m.

Experimental Results
Experimental Arrangement
The jet of 0.4 mm in diameter is generated at the
exit of a 12 mm long hypodermic needle of inner diam-

eter φ = 0.45 mm. The first stimulation set-up consisted
of four ring electrodes of diameter φ = 2.2 mm, coaxial
with the jet axis (Figure 1) and located at a distance of
about 1.1 mm from the nozzle. The electrodes are separated from each other by the distance ∆ = 1.8 mm. Each
electrode is connected to one of the two transformers
that supply two sinusoidal high voltages with opposite
phase. The peak amplitudes can reach up to 3 kV, while
the frequency varies between 500 and 2000 Hz. Other
electrode geometries (see Figure 4) are also studied
which all retain the same spacing ∆ = 1.8 mm.
The jet break-up is studied using the shadowgraph
technique. A light emitting diode triggered by the voltage supply of the electrodes produces a shadow profile
of the jet. By means of a CCD video camera this profile
is displayed on a television screen together with a fixed
scale located close to the jet. This allows to measure
firstly the perturbation wave length λ in order to determine and control the mean velocity U o of the jet and,
secondly, the break-up length L b. In order to obtain Lb
with an accuracy better than one wave length, we used a
variable phase shift between the voltage signal and the
light impulse.
The working fluid is a glycerine-water mixture (65%
glycerine) with viscosity η = 17 cps and surface tension
T = 64 • 10-3 N/m. By adding 0.003 mol/l of tetrabutylammonium bromide the conductivity σ of the mixture is
increased to 10-5 S/cm. In order to allow significant comparisons between different experiments, only Eue and R
are varied during the experiments. The jet velocity is
kept constant at 6.3 m/s corresponding to We = 127 and
a Reynolds number Re = 85 at room temperature.
Break-up Length with Ring Electrodes
Although the last stages of the perturbation growth
involves strongly non linear processes, the linear analysis allows to predict the variation of the break-up length
with sufficient accuracy. In the general expression (19)
for Lb/d(d = 2a), the spatial growth rate µ is related with
the non dimensional temporal growth rate γ through the
relation µa / λ = γ / We given by (16) where
γ = k (1 − k 2 ) / 2

and

k = 2 πa / λ .

(22)

This is the expression given by Lee5. However, when
using a viscous liquid we expect a non dimensional temporal growth rate γ depending on the excitation frequency
and on the viscosity of the liquid. Figure 2 shows the
variations of the break-up length with one, two, three
and four electrodes for increasing Eue in the case R ≈ 1
(synchronization). Independently of the number of electrodes all linear regression lines through the experimental points have a slope s = -21.4 which gives for γ:
γ = We (µa / λ ) = We / (2|s|) ≈ 0.27

(23)

This value is equal to the maximum growth rate predicted by Weber6 and is lower than the value ≈ 0.33 characterizing an inviscid liquid5. Here the Reynolds number
Re = O(100) is typical of ink jet printer conditions. Hence
the result γ = 0.27 shows that, even for these rather high
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Reynolds numbers, the viscous effects cannot be neglected in the break-up length estimation.

be explained by the overestimation of the electrostatic
pressure.
Break-Up Length for Other Electrode Geometries
The EHD stimulation is not strictly limited to electrode geometries characterized by axial symmetry. Replacing first the rings by two sets of parallel wires
disposed symmetrically with respect to the jet (Figure
4a) results in only a slight increase (of about 20 d) of the
break-up length. The slopes of the L b/d curves versus
ln(Eue) are identical and the dependence upon m is fully
similar.

Figure 2. Break-up length with 1 to 4 ring electrodes as a function of the electric Euler Number Eue

From (20) it is seen that L b should decrease like
ln(m). Figure 3 shows that the observed decrease is more
pronounced than predicted, but with a tendancy towards
a smaller discrepancy in the slope as m increases. In particular the differences between theoretical and experimental results are most important for m = 1. Very likely
the reason is the model of the electric field that simplifies its distribution and overestimates the electrostatic
pressure in the case of one electrode or at the entrance and
exit of the stimulation zone in the case of m electrodes.

Figure 3. Break-up length as a function of the number of used
ring electrodes for Eue = 10 -3

We can compare more directly measurements and
predictions given by (20) in the case R ≈ 1 taking for µ
the value extracted from the slopes of the curves in
Figure 2. The measured values of L b are between 25 and
50 diameters longer than the predictions. Again this can
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Figure 4. Asymmetrical 4 electrode geometries. Top views (upper half of the figure) and side views (lower half) of the jet/
electrodes arrangement (the left side view is common to cases
[a] and [b]).

Far less symmetrical geometries also lead to a satisfactory stimulation of the ink jet. A set of 4 parallel equidistant (∆ = 1.8 mm) wires lying in a plane and located
at a rather short distance (~ d) from the jet (Figure 4b)
induce the jet break-up at downstream distances similar
to those obtained with ring electrodes. Figure 5 shows
that the behaviour is quite similar for both the slope (s ≅
-21.4) and the variations with m (note that the electric
Euler number is determined in a rather arbitrary way, on
the basis of the coaxial ring geometry). Finally let us
mention that a set of 4 needles with the tips placed close
to the jet (Figure 4c), also gives the same general characteristics, the length Lb being about 25 d longer. In both
cases of strong asymmetry, the A.C. field generates a
permanent deviation of the jet.
Influence of the Synchronisation
Varying the frequency of the voltage applied to one
electrode only results in an increase of the break-up
length over the minimum value corresponding to the
maximum growth rate of the perturbations. With multiple electrodes (m ≥ 2), the effect of desynchronization
can dominate over the variation of the growth rate because of the reduced efficiency of adding up effects of
individual electrodes which have a relative phase shift.
Such a behaviour is illustrated by Figure 6 where a 10%
variation of L b/d is obtained on the frequency intervals
1000-1800 Hz and 1170-1500 Hz for a single electrode

and a 4 electrode stimulation set-up respectively. This is
in qualitative agreement with the prediction of a working frequency interval being a function of l/m.
Figure 6 also shows well defined maxima in the
break-up length at f1 ≅ 1000 Hz and f2 ≅ 1650 Hz for m =
4. These maxima should correspond to the frequency
values:

and exit of the stimulation zone. In addition the preliminary results on the role of the frequency are in agreement
with theory.

f 1 = (1 − 1 / m) f s = (3 / 4) f s and f 2 = (1 + 1 / m) f s = (5 / 4) f s

(24)
The ratio f 2/f1 ≅ 1.65 is very close to 5/3 and the
value fs = (f1 + f2 )/2 ≅ 1325 Hz corresponds to the minimum break-up length. There appears a fair agreement
with predictions but refined experiments are needed to obtain more detailed conclusions (existence of peaks at fs/
4, fs/2, 2f s and similar properties for other values of m).

Figure 6. Break-up length as a function of the frequency of the
driving voltage for 1 and 4 ring electrodes

As far as ink jet printers are concerned, the study
shows that a multiple electrode exciter can be effective
and can lead to reduced break-up lengths. Finally let us
point out that, due to the logarithmic dependence of Lb
on m and to synchronization constraints, the number of
electrodes in practical devices could be rather limited.
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Figure 5. One set of parallel wire electrodes: Break-up length
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Conclusion
The experiments performed on a four electrode EHD exciter confirm the predictions of the model based on a
simplified axial distribution of the electric field on the
jet surface. The logarithmic decrease of Lb with the applied voltage is in full agreement with theory provided
we retain, for the perturbation growth rate, the values
given by the linear analysis taking the viscous effects
into account. The observed decrease of L b as a function
of the number m of electrodes is somewhat stronger than
predicted and the breakup length greater than the calculated one. This can be attributed to the employed distribution of the electric field which leads to a overestimation of the electrostatic pressure at the entrance
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