
Ellipse Fitting

The equation describing an ellipse can be written as

F (x, y) = ax2 + bxy + cy2 + dx + ey + f = 0, (1)

with the constraintb2 − 4ac < 0, wherea, b, c, d, e, andf are the ellipse coefficients and(x, y)

are the coordinates of the points on the ellipse. By definingz> = [x2, xy, y2, x, y, 1] and

h> = [a, b, c, d, e, f ], the equation can be written as

F (x, y) = h>z = 0. (2)

The fitting of a conic to a set of points(xi, yi), i = 1, ..., N may be seen as a problem of minimizing the

function
∑N

i=1 F (xi, yi)
2 subject to the constraint4ac − b2 = 1 that guarantees that the final solution

is an ellipse. In matrix form, the problem can be rewritten as

min
h
‖Dh‖2 subject toh>Ch = 1, (3)

where

D =




x2
1 x1y1 y2

1 x1 y1 1

x2
2 x2y2 y2

2 x2 y2 1
...

...
...

...
...

x2
N xNyN y2

N xN yN 1




,

and

C =




0 0 2 0 0 0

0 −1 0 0 0 0

2 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0




.

This problem can be solved with the use of a Lagrange multiplier, which yields the following

conditions for the parameter vectorh: Sh = λCh, with h>Ch = 1, whereS = D>D. It was also

shown by Halif and Flusser1 that the solution of the minimization problem is equivalent to finding a

solution to the set of equations
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Mh1 = λh1, (4)

h>1 C1h1 = 1, (5)

h2 = −S−1
3 S>2 h1, (6)

h =




h1

h2


 , (7)

whereh1 = [a, b, c ]>, h2 = [d, e, f ]>, S1 = D>
1 D1, S2 = D>

1 D2, S3 = D>
2 D2,

D1 =




x2
1 x1y1 y2

1

x2
2 x2y2 y2

2

...
...

...

x2
N xNyN y2

N




, (8)

D2 =




x1 y1 1

x2 y2 1
...

...
...

xN yN 1




, (9)

andM=C−1
1 (S1−S2S

−1
3 S>2 ).
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